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Bubble Behaviors in a Slowly Rotating
Helium Dewar in a Gravity Probe-B

Spacecraft Experiment

R. J. Hung,* Y. D. Tsao,t and B. B. HongJ
University of Alabama in Huntsville, Huntsville, Alabama

and
Fred W. Leslie§
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Potential problems for the Gravity Probe-B (GP-B) spacecraft design requirements and the operational con-
siderations could arise because of the free surface configurations between liquid helium and helium vapor in the
rotating dewar. This free surface is present in the partially filled liquid helium dewar. The liquid helium in the
dewar is depleted as it is consumed as propellant for the spacecraft. In this study, the doughnut-shaped helium
bubble equilibrium profiles in the rotating dewar have been numerically calculated. These calculations were per-
formed under the conditions imposed during the period of the GP-B experiment instrument calibration (gyro
spinup period) and also during the normal operational stages of the GP-B spacecraft.
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Nomenclature
= defined by Eqs. (10), (12), (14), (16), (18), and
(20)

= defined by Eqs. (9), (11), (13), (15), (17), and (19)
= unit normal vector pointing outward from the
surface

= fluid pressure
= radial axis in cylindrical coordinates
= radius of bubble intersecting the wall
= defined by Eq. (5)
= defined by Eq. (6)
= inner radius of dewar
= outer radius of dewar
= maximum radius of bubble
= radius of highest or lowest boundary of bubble
= axial (height) axis in cylindrical coordinates
= divergent (vector) operator
= contact angle
= density
= coefficient of surface tension

=A/ar

= upper region
= lower region
= inside the interface
= outside the interface
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Superscripts
L = left-hand side of the bubble region
R = right-hand side of the bubble region
/ = inside the interface
o = outside the interface

I. Introduction

T HE Gravity Probe-B (GP-B) spacecraft (see Fig. 1) is
designed to test the general theory of relativity through

long-term (1-yr) monitoring the precession of a set of gyros in
free-fall around the Earth.1'2 Extraneous forces on these gyros
must be kept at very low levels, corresponding to an accelera-
tion of 10~10 g or less. This will require a drag-free (to 10~10

g) control system that uses a proof mass similar to the experi-
ment gyros as its sensing element. The experiment uses super-
conducting sensors for gyro readout and maintains a very low
temperature for mechanical stability. The approaches to both
cooling and control involve the use of superfluid liquid
helium. The boil-off from the liquid helium dewar (Fig. 2) will
be used as a propellant to maintain the altitude control and
drag-free operation of the spacecraft. The requirement for an
operational lifetime approaching 1 yr means that a large quan-
tity of liquid helium must be used and that it will be gradually
depleted over the lifetime of the experiment. This varying
amount of liquid helium gives rise to the possibility of several
problems that can degrade the GP-B experiment. The poten-
tial problems could be the result of asymmetry in the static liq-
uid helium distribution or perturbations in the free surface.

In a study of the attraction of unsymmetric liquid helium
distributions on the proof mass, Schafer and Lowry3 showed
that, with liquid helium on one side in a half-full dewar, the
resulting acceleration levels at the proof mass are about 10 ~8

g. In the absence of temperature gradient along the surface
that drives Maragoni convection, the equilibrium shape of a
free surface is governed by a balance of capillary, centrifugal,
and gravitational forces. In contrasting the effects of surface
tension to the effects of gravitational forces on the free surface
of liquid, it was found that the surface tension force for most
liquids is greater than the gravitational force in a 10~8'g level
and lower.4"6 In other words, the equilibrium shape of the liq-
uid helium free surface in the operational GP-B spacecraft is
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governed by a balance of capillary and centrifugal forces, in-
stead of a balance of capillary, centrifugal, and gravitational
forces. Therefore, one may ignore the effect of gravitational
force in the gravity environment levels of 10 ~8 g and lower in
comparison to the surface tension force. Determination of
bubble profiles based on computational experiments can un-
cover details of the flow that cannot be easily visualized or
measured experimentally.7"10

For the GP-B spacecraft liquid helium management prob-
lem, the geometries are so large that the critical values of
super fluid are exceeded. The experiments carried out by
Mason et al.n showed that the classical fluid mechanics theory
is applicable for liquid helium in large containers.

In this paper, the equilibrium configurations of the helium
bubble in a rotating dewar have been studied. They are rele-
vant to the questions of fluid behavior in a microgravity en-
vironment that were raised by design and operational con-
siderations for the GP-B experiment. For a spacecraft
operating as designed, spacecraft drag will be balanced by the
helium propulsion system. There should be no net accelera-
tion, above the 10~10 g level, on the liquid helium from these
sources. However, Schafer and Lowry3 pointed out that liquid
helium mass distributions in the GP-B dewar are possible that
are capable of producing accelerations on the proof mass on

the order of 10 ~8 g. Our earlier studies4'6 showed that the
gravitational force of 10 ~8 g level and lower will never affect
the equilibrium shape of the liquid helium free surface because
the effect of the surface tension force is overwhelmingly
greater than that of the gravitational force at these levels.

As to the effect of centrifugal force on the helium bubble,
the dewar will not be spinning when the GP-B spacecraft is
deployed. In the early stages of the experiment, a spin rate of
up to about 1 rpm will be imposed for instrument calibration.
After calibration, the rotation rate will be reduced to its opera-
tional value of approximately 0.1 rpm.

Helium bubble equilibrium profiles in a rotating dewar,
within the operational conditions of GP-B spacecraft, have
been considered for the following two cases: 1) low rotating
speed, from 10 ~3 to 0.15 rpm and 2) high rotating speed, from
0.2 to 10 rpm, in microgravity levels.

II. Mathematical Model
The evaporation of helium vapor makes a two-phase fluid

rotating inside the gyro-probe dewar. The geometry of a
rotating free surface between helium vapor (vapor bubble) and
liquid helium, under a microgravity environment, can be
classified into the following two categories: 1) bubble intersec-
ting the inner vertical wall of the dewar (low rotating speed)
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(see Fig. 3) and 2) bubble intersecting the top and bottom walls
of the dewar (high rotating speed) (see Fig. 4).

Bubble Intersecting the Inner Vertical Wall of the Dewar
(Low Rotating Speed in a Microgravity Environment)

At the surface of two fluids (helium vapor and liquid
helium), the pressure discontinuity is governed by Laplace's
formula:

P'-P° = a V - r t 0 (1)

where P; denotes pressure inside the bubble and P° the
pressure outside the bubble.

In general, P' and P° are determined from the full set of
Navier-Stokes equations. For the special case of a steady-state
rotating fluid, with the assumption of axial symmetry, P' and
P° can be easily determined analytically from the Navier-
Stokes equations. The solutions in cylindrical coordinates are
given by

(2)

(3)

where p is the density of fluid; g, the gravitational accelera-
tion; and the subscripts or superscripts / and o denote physical
parameters inside (such as internal pressure) and outside (such
as external pressure) of the interface, respectively.

For the case of axial symmetry, the gradient of nQ can be
further written as

(4)

where

Fig. 3 Definition of the cylindrical coordinate system for the free
surface of helium bubble with low-rotating-speed dewar in a low-
gravity level used for the analytical model.

7?- 1 —/C, — -

dz

-3/2
(5a)

(5b)

Now, let the profile of the interface be given by z=f(r),
and define the following parameters:

dz d/
and

dr dr " ^ dr dr2

Equation (4) can be rewritten in the form

(6)

where the upper (lower) sign must be taken if the center of cur-
vature remains to the left (right) of the interface12 (see Figs. 3
and 4).

Substituting Eqs. (2-4) in Eq. (1) leads to

d
(7)

where P0=Pi
0-P° andp = pi-p0. Integrating Eq. (7) leads to

~—P0r2 + ——pwV -pg \ rz dr = =F ^^ + C (8)
2 o J ( 1 + 9 )

Both constant C and the value of P0 can be determined
from the boundary conditions illustrated in Figs. 3 and 4.
Detailed approaches of the mathematical derivations for the
equilibrium profiles of the bubble shapes for the rotating
dewar are similar to those of the bubble shapes for a rotating
cylinder that were shown in the work of Hung and Leslie4 and
Hung et al.5 However, the mathematical results are quite
different.

The results of the mathematical derivations are given as
follows:
Upper Region: L > z > ZR

Left-hand side, upper region (see Fig. 3). For the case of the
left-hand side of the upper region, the bubble profile of inter-
face can be obtained from the following integration:

•dr (9)

where

L

_*, r

Fig. 4 Definition of the cylindrical coordinate system for the free
surface of helium bubble with high-rotating-speed dewar in a low
gravity level used for the analytical model.

and

+ pg

+ P8

rz dr + a/?, cos#i

(10)

Right-hand side, upper region. For the case of the right-
hand side of the upper region, the bubble profile of interface
can be obtained from the following integration:

(11)



170

where

and

HUNG, TSAO, HONG, AND LESLIE

and

J. SPACECRAFT

M—QU

1 f*0w
+ ——pu;2 (r4 -^) +p£ rz dr

O «^ r
(12)

Lower Region:
Left-hand side, lower region. For the case of the left-hand

side of the lower region, the bubble profile of interface can be
obtained from the following integration:

*i

where

and

L =Z<ZR

(13)

rRoi
JR{

-cr^ cos0
1

1L
J

pg rzdr-oRl cos01L
J R j

(14)

Right-hand side, lower region. For the case of the right-
hand side of the lower region, the bubble profile of interface
can be obtained from the following integration:

t*
(15)

where

and

f
+ pg\

J ROL 8
(16)

Bubble Intersecting Upper and Lower Walls of the Dewar (see Fig. 4)
Upper Region: L>Z>ZR

For the case of the upper region, the bubble profile of inter-
face can be obtained from the following integration:

--dr (17)

where
ZU=Z>ZR

C*M
-pg\ r

1
sinflj

J

+ —— pco2 ( r4 - r$u ) - pg\ rz dr + ar0u smdu (18)

Lower Region: zR>z>Q
For the case of the lower region, the bubble profile of inter-

face can be obtained from the following integration:

dr (19)

where

L = AL/ar

and

A, = -

-pg\ rz
rOL

1
sin(9L)

-I

-r-pw2 ( r4 - r%L ) - Pg\ rz dr - orOL smOL (20)

III. Numerical Calculation of Equilibrium
Profiles of Helium Bubble in a Rotating Dewar

Transport coefficients of normal liquid helium were used,
since the experimental results11 show that they have exceeded
the critical values of superfluid for the large geometries to be
used in the GP-B spacecraft propulsion system. In this study,
the following data were used: liquid helium density = 0.145
g/cm3, helium vapor density = 0.00147 g/cm3, surface tension
between vapor and liquid helium = 0.5 dyne/cm, temperature
of liquid helium = 4°K.13 The computation is based on 90%
liquid helium and 10% helium vapor by volume contained in
the dewar. The contact angles between liquid helium and the
solid walls for all the cases are 0=10 deg. The size of the
dewar is as follows: outer radius = 68 cm, inner radius =12
cm, and height =145 cm. In this computation, the gravity gra-
dient at the orbit of the spacecraft is taken into consideration.

The gravity environment in the operational consideration
of the GP-B spacecraft is no greater than 10~10 g level.1'2
However, liquid helium mass distributions in the GP-B dewar
are capable of producing accelerations on the proof mass on
the order of 10~8 g, based on the calculations made by Schafer
and Lowry,3 although this is a remote possibility. It has been
shown that the gravitational force never affects the equi-
librium profiles of the helium bubble if the gravity environ-
ment is below the 10 ~7 g level, because the effect of the sur-
face tension force is greater than that of the gravitational force
at these levels.

There are only two spin rates for the liquid helium dewar in
the GP-B spacecraft: a spin rate of 1 rpm, used for gyro
spinup at the beginning, and a 0.1-rpm rotation rate for nor-
mal operational conditions. The range of computation for
dewar rotation rate covers from 10"3 to 10 rpm.

A computer algorithm was developed to integrate two cases
of equilibrium bubble profiles of the rotating liquid helium
dewar, shown in Figs. 3 and 4. Figures 5a and 5b show the
flowcharts for the procedures of computation for numerically
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solving these equations shown in Sec. II of the mathematical
model of this paper.

As we have discussed in our previous work,4'5 the calcula-
tions were initiated with an estimate of the bubble shape (in
this case, doughnut-shaped bubbles with various cross-
sectional geometries, as shown in Figs. 3 and 4) for computing
a series of the evolution of equilibrium profiles of bubbles
depending on the change in the rotating speeds of the dewar.

Given an Estimate
Shape of Bubble

Fig. 5a Flowchart for the procedures of computation for numerical-
ly solving Eqs. (9), (11), (19), and (21).

These computations were accomplished through the integral
terms in Eqs. (10), (12), (14), (16), (18), and (20). A number of
iterations were made to minimize the difference between the
trial profile of the bubble shape in the integration of J rz dz in
these equations mentioned earlier and the final profile of the
bubble shape obtained from the integration of Eqs. (9), (11),
(13), (15), (17), and (19). After the integration was complete,
the measured volume and computed volume of the bubble
were compared. The computed equilibrium profiles of the
bubble shapes for the case of a rotating cylinder (in our earlier
study4'5) have been compared with a series of measurements in
the microgravity environment of a free-falling aircraft
(KC-135)7 with excellent agreement.

Numerical calculation shows that, in a gravity environment
with the levels of 10~7 g and lower, as shown in Figs. 6 and 7,
the effect of the gravitational force on the equilibrium shapes
of helium vapor bubbles is negligible. There is no difference
between the calculated bubble profiles under such a micro-
gravity environment and the calculated bubble profiles under
the zero-gravity environment. Figure 6 shows the doughnut-
shaped bubble with cross-sectional profile of rotating
equilibrium free surfaces in rotating speeds of 10~3, 10~2,
0.1, and 0.15 rpm. Figure 7 illustrates the cross-sectional pro-
file of free surfaces in rotating speeds of 0.2, 0.6, 1.0, and 10
rpm under the gravity environment of 10 ~7 g. The following
conclusions can be drawn based on these two figures:

1) A doughnut-shaped helium vapor bubble with a sym-
metric cross-sectional profile between upper and lower halves
occurs for flows in a rotating dewar under the gravity environ-
ment of 10~7 g and lower.

2) The minimum inner radius of the doughnut-shaped bub-
ble is always contacted to the inner radius of the dewar, and
the maximum outer radius of the bubble decreases as the
rotating speed increases.

3) The cross-sectional profile of the doughnut-shaped bub-
ble is a circle-like shape when the rotating speed is low and is
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Fig. 5b Flowchart for the procedures of computation for numerical-
ly solving Eqs. (15), (17), (23), (25), and (29).

Fig. 6 Cross-sectional profiles of doughnut-shaped helium bubble in
a rotating dewar with speeds of 10~3, 10~2, 0.1, and 0.15 rpm in a
gravity environment with level of 10 ~ 7 g and contact angle 0 = 10 deg.
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elongated along the axis of rotation when the rotating speed
increases.

4) As the rotating speed increases and approaches the value
of 0.2 rpm, the elongated profile at the upper and lower edges
of the doughnut-shaped bubble start to detach from the inner
radius of the dewar and contact the upper and lower walls with
knife-edge-shaped profiles of free surface near these locations.

5) As the rotating speed increases more and approaches the
value of 10 rpm, the knife-edge-shaped free surface near the
upper and lower walls or the dewar disappears gradually and
the bubble profile eventually becomes a hollow cylinder.

IV. Discussion and Conclusions
In the design of the GP-B spacecraft, there are some strict

constraints. The potentaial problems could be the results of
asymmetry in the static liquid helium distribution or perturba-
tions in free surface, which is present in the partially filled
dewar. In this study, doughnut-shaped helium bubble equi-
librium profiles in a rotating dewar under the conditions of
low rotating speed (see Fig. 3) and high rotating speed (see Fig.
4) in a microgravity level have been numerically calculated.

Our numerical calculation shows that, for a gravity environ-
ment with the levels of 10 ~7 g or lower, the effect of the
gravitational force on the equilibrium shapes of the helium
vapor bubble is not different from that calculated for a gravity
environment with the level of zero gravity. This is required by
the design of the GP-B spacecraft experiment to maintain a
very-low-gravity environment in the level of 10~10 g or less.
Figures 6 and 7 show the evolution of doughnut-shaped bub-
bles in rotating speeds ranging from 10 ~3 to 10 rpm under a
gravity environment of 10 ~7 g. Our calculation shows that the
doughnut-shaped bubble evolves from a cross-sectional pro-
file of a circle-like shape, to a vertically elongated semicircle,
then to a semiellipse, and finally to a hollow cylinder as the
rotating speed of the dewar increases from 10~3 to 10 rpm.
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Fig. 7 Cross-sectional profiles of doughnut-shaped helium bubble in
a rotating dewar with speeds of 0.2, 0.6,1.0, and 10 rpm in gravity en-
vironment with level of 10 ~7 g and contact angle of 0 = 10 deg.

Equilibrium profiles of bubble shapes are determined self-
consistently by the balance of capillary, centrifugal, and
gravitational forces. In other words, there is no effect on gyros
or the proof mass after the equilibrium profile of the bubble
shape has been attained.

In the absence of temperature gradient along the surface,
which drives Maragoni convection, the equilibrum shape of
the free surface is governed by a balance of capillary, cen-
trifugal, and gravitational forces. The role of force fields in
the determination of equilibrium bubble profiles, illustrated in
Figs. 3 and 4, is different for different cases. The dominating
force fields are as follows: 1) low rotating speed in a
microgravity level (dominated by surface tension force, as
shown in Fig. 3 and 2) high rotating speed in a microgravity
level (dominated by a coupling of a centrifugal and surface
tension forces as shown in Fig. 4).

In this study, we have demonstrated that the computer
algorithm presented can be used to simulate the profile of the
doughnut-shaped bubble governed by a balance of capillary
and centrifugal forces under microgravity environment.
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